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DE´VISSAGE FOR WALDHAUSEN K-THEORY
GEORGE RAPTIS
Abstract. A de´vissage–type theorem in algebraic K-theory is a statement
that identifies the K-theory of a Waldhausen category C in terms of the K-
theories of a collection of Waldhausen subcategories of C when a de´vissage
condition about the existence of appropriate finite filtrations is satisfied. We
distinguish between de´vissage theorems of single type and of multiple type de-
pending on the number of Waldhausen subcategories and their properties. The
main representative examples of such theorems are Quillen’s original de´vissage
theorem for abelian categories (single type) and Waldhausen’s theorem on
spherical objects for more general Waldhausen categories (multiple type). In
this paper, we study some general aspects of de´vissage–type theorems and
prove a general de´vissage theorem of single type and a general de´vissage the-
orem of multiple type.
1. Introduction
The de´vissage theorem of Quillen [5] is a fundamental theorem in algebraic K-
theory with many applications. The theorem states that given a full exact inclusion
of abelian categories A →֒ C , where A is closed under subobjects and quotients
in C , and in addition, it satisfies the condition that every object C ∈ C admits a
finite filtration:
0 = C0 ⊆ C1 ⊆ · · · ⊆ Cn−1 ⊆ Cn = C
such that Ci/Ci−1 ∈ A for i ≥ 1, then the induced map K(A )
≃
−→ K(C ) is a
homotopy equivalence. This theorem is an important source of K-equivalences
which do not arise from an equivalence between the underlying homotopy theories
– in other words, it makes essential use on the “group completion” process that
defines algebraic K-theory.
Waldhausen [9] extended the definition of Quillen K-theory to categories with
cofibrations and weak equivalences (Waldhausen categories) and generalized many
of Quillen’s fundamental theorems to this more general homotopical context, but
the de´vissage theorem has been a notable exception. The problem of finding a
suitable generalization of the de´vissage theorem toWaldhausenK-theory was stated
explicitly by Thomason-Trobaugh [7, 1.11.1] (see also Waldhausen [8, p. 188]).
More precisely, the problem asks for a general result in Waldhausen K-theory that
specializes to Quillen’s de´vissage theorem when applied to the categories of bounded
chain complexes.
On the other hand, Waldhausen’s theorem on spherical objects [9, Theorem
1.7.1] may be considered as a de´vissage–type theorem even though it is not related
to Quillen’s de´vissage theorem. The theorem states that given a Waldhausen cat-
egory C satisfying certain mild technical assumptions and an associated collection
A = (Ai) of Waldhausen subcategories of C consisting of spherical objects in C of
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dimension i, then under the assumption that the morphisms in C satisfy a multi-
ple type version of the de´vissage condition in Quillen’s theorem, it follows that a
canonical comparison map:
hocolim−−−−−→(Σ)K(Ai)
≃
−→ K(C )
is a homotopy equivalence. The motivation for Waldhausen’s theorem and one of
its main applications in [9] had to do with obtaining a description of the algebraic
K-theory of a space in terms of matrices and the plus construction in analogy to
Quillen’s algebraic K-theory of rings. Waldhausen’s theorem can be considered
as a de´vissage–type result if the latter characterization is understood to refer to a
statement that identifies the K-theory of a Waldhausen category C in terms of the
K-theories of a collection of Waldhausen subcategories of C under the assumption
of a de´vissage condition about the existence of appropriate finite filtrations.
Despite the common de´vissage–type quality of the theorems of Quillen and Wald-
hausen, there are also some important differences between these two theorems that
are worth making explicit. Firstly, the obvious one is that in Quillen’s theorem
there is a single subcategory for unscrewing objects in C , whereas in Waldhausen’s
theorem, we have for a similar purpose a collection of subcategories A = (Ai) that
are suitably related. Secondly, in the context of Quillen’s theorem, the subcate-
gory A ⊂ C (or rather, Chb(A ) ⊂ Chb(C )) is closed under (homotopy) pushouts,
but this fails for the subcategories Ai ⊂ C in Waldhausen’s context. Thirdly, in
Quillen’s theorem, the subcategory Chb(A ) ⊂ Chb(C ) is not homotopically full in
general, but this property will typically hold for the subcategories Ai ⊂ C in Wald-
hausen’s theorem. We will refer to these two cases of de´vissage–type theorems as
single type de´vissage andmultiple type de´vissage respectively. Other de´vissage–type
theorems include the Gillet–Waldhausen theorem (see [7]), the de´vissage theorem
of Blumberg–Mandell [2] and Barwick’s ‘Theorem of the Heart’ [1]. These belong
to the category of de´vissage theorems of multiple type in our sense – where addi-
tionally we have that K(Ai)
Σ
≃ K(Ai+1) for all i.
The purpose of this paper is to prove a de´vissage theorem of single type (Theorem
5.5) and a de´vissage theorem of multiple type (Theorem 6.9) using a common
general method, in the spirit of [9], whose application in each case is distinguished
by arguments specific to each case. Let us next give a general outline of this
method and describe our main results without going into some of the more technical
details. Let C denote a Waldhausen category and let A = (Ai)i≥1 be a collection
of Waldhausen subcategories of C . We will consider a Waldhausen subcategory
SnCA of SnC which consists of those filtered objects X•,• ∈ SnC :
∗֌ X0,1֌ · · ·֌ X0,n
whose successive cofibers Xi−1,i are in Ai for i ≥ 1. Using Waldhausen’s Additivity
Theorem [9], we may identify the K-theory of this Waldhausen category SnCA as
follows (Proposition 3.2):
(1) K(SnCA ) ≃
n∏
1
K(Ai).
In addition, we will consider the Waldhausen category ŜnCA which has the same
underlying category with cofibrations as SnCA , but the weak equivalences are de-
tected by the underlying total object X0,n. We may stabilize these Waldhausen
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categories and obtain S∞CA and Ŝ∞CA , respectively. The Waldhausen category
Ŝ∞CA represents the homotopy theory of objects in C equipped with a bounded fil-
tration by objects whose successive cofibers are in A . Under some general technical
assumptions, there is a homotopy fiber sequence:
(2) K(Sw∞CA )→ K(S∞CA )→ K(Ŝ∞CA )
where Sw∞CA ⊂ S∞CA is the full Waldhausen subcategory of those objects which
are weakly trivial in Ŝ∞CA (see Proposition 3.7). We introduce an additional tech-
nical admissibility assumption which essentially identifies the K-theory of Sw∞CA
(we refer to Section 4 for the single type case and to Subsection 6.1 for the mul-
tiple type case). Furthermore there is a forgetful exact functor ev∞ : Ŝ∞CA → C
that forgets the filtration and evaluates at the underlying total object. Under the
assumption of a de´vissage condition on (C ,A ) for morphisms in C , we prove that
the exact functor ev∞ induces a homotopy equivalence:
(3) K(Ŝ∞CA )
≃
−→ K(C ).
(See Proposition 5.4 for the single type case and Proposition 6.8 for the multiple
type case.) Combining the above, we deduce under certain assumptions an identi-
fication of K(C ) in terms of K(Ai), for i ≥ 1, as in the theorems of Quillen and
Waldhausen respectively (see Theorem 5.5 for the single type case and Theorem 6.9
for the multiple type case). We show that Quillen’s de´vissage theorem satisfies the
assumptions of our de´vissage theorem of single type, but only if we assume Quillen’s
theorem in general – so we do not obtain an independent proof of Quillen’s theo-
rem (see Subsection 5.4). On the other hand, we verify that Waldhausen’s theorem
on spherical objects fits in the abstract formulation of our de´vissage theorem of
multiple type (see Section 6).
Organization of the paper. In Section 2, we recall some background material
about Waldhausen categories and some of the fundamental theorems of Waldhausen
K-theory. In Section 3, we introduce the Waldhausen categories SnCA and ŜnCA
and prove the homotopy equivalence (1) and the homotopy fiber sequence (2). In
Section 4, we restrict to the single type case and discuss the somewhat mysterious
admissibility assumption and some examples of classes of admissible Waldhausen
pairs (C ,A ). In Section 5, we define the de´vissage condition and prove the ho-
motopy equivalence (3) in the single type case. As a consequence, we then deduce
the de´vissage theorem of single type (Theorem 5.5). In addition, we discuss how
the de´vissage condition arises from the existence of a de´vissage functor (Subsection
5.3). We also discuss the relation of the single type de´vissage theorem to Quillen’s
de´vissage theorem (Subsection 5.4) and to the Additivity Theorem (Example 5.10).
In Section 6, we first introduce an abstract version of the context of Waldhausen’s
theorem on spherical objects (Subsection 6.1). Then we prove the homotopy equiva-
lence (3) in the multiple type case assuming an appropriate multiple type version of
the de´vissage condition (Subsection 6.2). Finally in Subsection 6.3, we deduce the
de´vissage theorem of multiple type (Theorem 6.9) and discuss a couple of examples.
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2. Recollections
2.1. Waldhausen categories. In this section we fix some terminology and recall
some of the fundamental theorems of Waldhausen K-theory that will be needed in
the proofs of our main results.
A Waldhausen category is a small category C with cofibrations coC and weak
equivalences wC in the sense of [9]. We recall that C has a zero object ∗ and
coC is a subcategory which contains the isomorphisms, the morphisms from ∗,
and it is closed under pushouts. In addition, wC is a subcategory which contains
the isomorphisms and the gluing axiom holds [9]. Examples include the exact
categories (in the sense of Quillen [5]) and appropriate full subcategories of cofibrant
objects in pointed model categories. Cofibrations will be indicated by֌ and weak
equivalences by
∼
→.
We will also need to consider Waldhausen categories which have the following
additional properties.
Definition 2.1. Let C be a Waldhausen category.
(a) We say that C has the 2-out-of-3 property if given composable morphisms
f and g in C , then the three morphisms f , g, and gf are weak equivalences
whenever any two of them are.
(b) We say that C admits factorizations if every morphism can be written as
the composition of a cofibration followed by a weak equivalence.
(c) C is called good if it has the 2-out-of-3 property and admits factorizations.
Remark 2.2. A good Waldhausen category is called derivable in [4].
A functor between Waldhausen categories F : C → C ′ is called exact if it
preserves all the relevant structure (zero object, cofibrations, weak equivalences,
and pushouts along a cofibration).
2.2. Waldhausen subcategories. Let C be a Waldhausen category. A subcat-
egory A ⊂ C is called a Waldhausen subcategory if A becomes a Waldhausen
category when equipped with following classes of cofibrations and weak equiva-
lences:
(i) a morphism in A is in coA if it is in coC and it has a cofiber in A ,
(ii) a morphism in A is in wA if it is in wC ,
and in addition, the inclusion functor A →֒ C is exact. In other words, the zero
object ∗ ∈ C is also a zero object in A , coA is a subcategory of A , and the pushout
in C of a diagram in A along a cofibration (in C with cofiber in A ) defines also a
pushout in A . Note that we do not assume that A ⊂ C is full in general. A pair
(C ,A ) where C is a Waldhausen category and A ⊂ C a Waldhausen subcategory
will be called a Waldhausen pair.
Clearly a Waldhausen subcategory A ⊂ C has the 2-out-of-3 property if C does.
On the other hand, one needs additional assumptions on (C ,A ) in general for the
existence of factorizations on A .
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2.3. Waldhausen K-theory. Waldhausen’s S•-construction associates to each
Waldhausen category C a simplicial object S•C of Waldhausen categories. Fol-
lowing [9], let Ar[n] denote the category of morphisms and commutative squares in
the poset [n], n ≥ 0. SnC is the full subcategory of the category of functors
X : Ar[n]→ C
that is spanned by the functors X such that:
(i) X(i→ i) is the zero object ∗ ∈ C ,
(ii) for every 0 ≤ i ≤ j ≤ k ≤ l ≤ n, the square
X(i→ k) //

X(i→ l)

X(j → k) // X(j → l)
is a pushout where the horizontal morphisms are cofibrations in C .
We will abbreviate X(i → j) to Xi,j . Such a functor is determined up to isomor-
phism by the filtered object
∗ = X0,0֌ X0,1֌ X0,2֌ · · ·֌ X0,n
since any other value of X is either the zero object or a cofiber of a morphism
from this filtration. We will sometimes refer to such functors (X•,•) as staircase
diagrams. An object in S2C is given by a cofiber sequence (X0,1֌ X0,2 ։ X1,2).
The category SnC is naturally a Waldhausen category where the weak equiv-
alences are defined pointwise (see [9]). The simplicial operators are defined by
precomposition and induce exact functors of Waldhausen categories. Moreover,
C 7→ S•C is a functor from the category of Waldhausen categories and exact func-
tors to simplicial objects in this category. We note that if C is good, then so is
SnC for any n ≥ 0, see [6, A.9], [4].
The restriction to the subcategory of weak equivalences wS•C yields a simplicial
object in the category of small categories. The Waldhausen K-theory of C is the
loop space of the geometric realization of the bisimplicial set associated to this
simplicial category:
K(C ) := Ω|N•wS•C |.
2.4. The Additivity Theorem. We recall the statement of Waldhausen’s funda-
mental Additivity Theorem (see [9, 1.3-1.4]).
Theorem 2.3 (Additivity Theorem). Let C be a Waldhausen category. Then the
exact functor
(d2, d0) : S2C → C × C , (A֌ C ։ B) 7→ (A,B),
induces a homotopy equivalence K(S2C)
≃
−→ K(C )×K(C ).
We recall also a different version of the Additivity Theorem that will be used
in later sections (see [9, Proposition 1.3.2]). Given a Waldhausen category C and
Waldhausen subcategories A ,B ⊂ C , we denote by E(A ,C ,B) the Waldhausen
subcategory of S2C whose objects are cofiber sequences
A֌ C ։ B, A ∈ A , B ∈ B,
6 G. RAPTIS
and morphisms are morphisms of cofiber sequences
A // //
f

C // //
h

B
g

A′ // // C′ // // B′
where f is in A and g is in B.
Theorem 2.4 (Additivity Theorem, Version 2). Let C be a Waldhausen category
and let A ,B ⊂ C be Waldhausen subcategories. Then the exact functor
E(A ,C ,B)→ A ×B, (A֌ C ։ B) 7→ (A,B)
induces a homotopy equivalence K(E(A ,C ,B))
≃
−→ K(A )×K(B).
Remark 2.5. Theorem 2.4 holds more generally in the case where the inclusion
functors A →֒ C and B →֒ C are simply exact functors of Waldhausen categories.
2.5. The Approximation Theorem. The Approximation Theorem provides a
useful method for showing that an exact functor F : C → C ′ induces a homotopy
equivalence in K-theory. The original formulation of Waldhausen [9, Theorem
1.6.7] stated two approximation properties for F as criteria for a K-equivalence.
Starting with the seminal work of Thomason-Trobaugh [7], later treatments of the
theorem studied these properties from the viewpoint of homotopical algebra and
connected the theorem with the invariance of K-theory under derived equivalences
or equivalences of homotopy theories (see [3] and [4]). The following version of the
Approximation Theorem is due to Cisinski [4, Proposition 2.14].
Theorem 2.6 (Approximation Theorem). Let F : C → C ′ be an exact functor
between good Waldausen categories. Suppose that F satisfies the following two
approximation properties:
(App1) A morphism f in C is a weak equivalence if and only if F (f) is a weak
equivalence in C ′.
(App2) For every morphism f : F (X) → Y in C ′, there is a weak equivalence
j : Y → Y ′ in C ′, a morphism f ′ : X → X ′ in C and a weak equivalence
q : F (X ′)→ Y ′ such that the square in C ′
F (X)
f
//
F (f ′)

Y
∼ j

F (X ′)
∼
q
// Y ′
commutes.
Then the induced map K(F ) : K(C )
≃
→ K(C ′) is a homotopy equivalence.
2.6. The Fibration Theorem. The Fibration Theorem provides a way of obtain-
ing long exact sequences of K-groups similar to Quillen’s Localization Theorem for
the K-theory of abelian categories. It relates the K-theories of two different Wald-
hausen category structures on the same underlying category with cofibrations. The
following version is a slight generalization of Waldhausen’s original formulation [9,
Theorem 1.6.4].
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Theorem 2.7 (Fibration Theorem). Let
Cv = (C , coC , vC ) and Cw = (C , coC , wC )
be Waldhausen categories that have the same underlying categories, the same cofi-
brations and vC ⊂ wC . Suppose that (C , coC , wC ) is good. Let Cw be the full
subcategory of C spanned by the objects X ∈ C such that ∗ → X is in wC .
Then Cw = (C w, coC ∩ Cw, vC ∩ Cw) is a full Waldhausen subcategory of
(C , coC , vC ) and the sequence of exact inclusion functors
C
w → Cv → Cw
induces a homotopy fiber sequence
K(Cw)→ K(Cv)→ K(Cw).
(The null-homotopy of the composition is the canonical one given by the natural
weak w-equivalence from the terminal object.)
Proof. This is essentially [9, Theorem 1.6.4]. The replacement of Waldhausen’s
cylinder axiom with the existence of (non-functorial) factorizations is worked out
in [6, Theorem A.3]. The assumption in [9, Theorem 1.6.4] that Cw satisfies the
extension axiom may be omitted by making a small modification in the proof that
involves an additional application of the Additivity Theorem (see below).
[Addendum: We recall that the proof of [9, Theorem 1.6.4] uses the extension
axiom in order to identify vwS•C with vS•F•(C ,C
w). But the inclusion vwS•C ⊂
vS•F•(C ,C
w) is always a weak equivalence because we have weak equivalences for
each n ≥ 0,
vS•C × vS•SnC
w
≃
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
≃
uu❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥
vS•wnC = vwnS•C // vS•Fn(C ,C
w)
by the Additivity Theorem. Here wnC denotes the Waldhausen subcategory of
diagrams in C
c0
∼
֌ c1
∼
֌ · · ·
∼
֌ cn
with the usual cofibrations and where the (v-)weak equivalences are defined point-
wise. This has Waldhausen subcategories which are identified with C , embedded
as constant diagrams, and SnC
w, embedded as diagrams with c0 = ∗, and there is
an equivalence of categories between wnC and E(C , wnC , SnC
w).] 
3. The category of A -filtered objects in C
3.1. The Waldhausen category SnCA . Let C be a Waldhausen category. Con-
sider the functor [n + 1] → [n] which sends i 7→ i, if i ≤ n, and n + 1 7→ n. This
defines a functor
Ar[n+ 1]→ Ar[n]
which induces an exact inclusion functor of Waldhausen categories
in : SnC →֒ Sn+1C .
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The functor in simply repeats the last column of a staircase diagram – it is the n-th
degeneracy map. We define
S∞C : = colim{C
i1→ S2C
i2→ · · ·
in→ Sn+1C
in+1
−→ · · · }.
The subcategory of cofibrations (resp. weak equivalences) in S∞C is defined to be
the colimit of the categories of cofibrations (resp. weak equivalences) in SnC for
all n ≥ 1. The following proposition is now an easy observation.
Proposition 3.1. Let C be a Waldhausen category. Then S∞C endowed with the
subcategories of cofibrations and weak equivalences from the Waldhausen categories
SnC , for n ≥ 1, is a Waldhausen category. Moreover, if C is good, then so is S∞C .
Let A = (Ai)i≥1 be an (ordered) collection of Waldhausen subcategories of C .
We emphasize here that repetitions among the Ai’s are allowed. In particular,
the case where Ai = A for a single Waldhausen subcategory A ⊂ C will be an
important example. We consider the subcategory SnCA of SnC whose objects are
those objects of SnC
X•,• : Ar[n]→ C
such that Xi−1,i ∈ Ai for 1 ≤ i ≤ n. The morphisms in SnCA are morphisms
F•,• : X•,• → X
′
•,• in SnC such that Fi−1,i is in Ai for each i ≥ 1. This defines
a Waldhausen subcategory of SnC . The exact inclusion in restricts to an exact
inclusion between the respective Waldhausen subcategories,
in,A : SnCA →֒ Sn+1CA .
Similarly, we consider the corresponding Waldhausen subcategory of S∞C :
S∞CA : = colim{A1
i1,A
−−−→ S2CA
i2,A
−−−→ · · ·
in,A
−−−→ Sn+1CA −→ · · · }.
Given a collection of Waldhausen subcategories A = (Ai)i≥1 of C , we write
A [n] for the new collection of Waldhausen categories obtained after shifting by n,
i.e., A [n]i = An+i for i ≥ 1.
Proposition 3.2. Let C be a Waldhausen category and let A = (Ai)i≥1 be a
collection of Waldhausen subcategories of C . For each n ≥ 1, the exact functor
qn : SnCA −→
n∏
1
Ai , (X•,•) 7→ (X0,1, · · · , Xn−1,n)
induces a homotopy equivalence
K(SnCA )
≃
−→
n∏
1
K(Ai).
Moreover, these induce also a homotopy equivalence K(S∞CA ) ≃ colim−−−→n
∏n
1 K(Ai).
Proof. There are inclusions of Waldhausen subcategories A1 ⊂ SnCA , as constant
filtered objects, and s0 : Sn−1CA [1] ⊂ SnCA , as filtered objects that begin with
the zero object in A1. It is easy to see that there is an equivalence of Waldhausen
categories
SnCA −→ E(A1, SnCA , Sn−1CA [1]).
DE´VISSAGE 9
Then the Additivity Theorem (Theorem 2.4) gives inductively homotopy equiva-
lences
K(SnCA ) ≃ K(A1)×K(Sn−1CA [1]) ≃ · · · ≃
n∏
1
K(Ai).
The composite homotopy equivalence is defined by the exact functor
(4) (X•,•) 7→ (X0,1, X1,2, · · · , Xn−1,n).
A homotopy inverse
∏n
1 K(Ai) → K(SnCA ) is given by the exact functor that
includes those filtered objects which are defined by successive trivial cofiber se-
quences:
(A1, A2, · · · , An) 7→ (∗֌ A1 ֌ A1 ∨ A2֌ · · ·֌
∨
1≤i≤n
Ai).
Moreover, we have commutative diagrams of exact functors:
SnCA



in,A
// Sn+1CA
		∏n−1
1 A
II
//
∏n
1 A
II
where the bottom functor is the canonical inclusion functor, given on objects by
(A1, · · · , An−1) 7→ (A1, · · · , An−1, ∗). Then the case n = ∞ follows immediately
since hocolim−−−−−→n K(SnCA )
≃
−→ K(S∞CA ). 
3.2. The Waldhausen category ŜnCA . Let C be a Waldhausen category and
let A = (Ai)i≥1 be a collection of Waldhausen subcategories of C . The cate-
gories SnCA categories can be endowed with the following weaker type of weak
equivalence.
Definition 3.3. A morphism F•,• : (X•,•) → (Y•,•) in SnCA (resp. in S∞CA ) is
called an eventual weak equivalence if F0,n : X0,n → Y0,n is a weak equivalence in
C (resp. for all large enough n).
Every weak equivalence in SnCA , for n ∈ {1, 2, · · · ,∞}, is also an eventual weak
equivalence and this new class of weak equivalences defines a new Waldhausen
structure on the underlying category of SnCA (with the same subcategory of cofi-
brations). We denote this new Waldhausen category by ŜnCA . Note that the
inclusion functors
în,A : ŜnCA →֒ Ŝn+1CA
are again exact and their colimit is Ŝ∞CA . The Waldhausen category Ŝ∞CA is
exactly the Waldhausen category of filtrations (or “unscrewings”) of objects in C
by objects in the (ordered) collection of subcategories A .
In order to ensure that the Waldhausen categories SnCA and ŜnCA are good
when C is, it will be convenient to assume in addition that C admits a cylinder
functor which satisfies the cylinder axiom in the sense of [9]. This structure equips
C with factorizations which are functorial in C [1] and additionally satisfy certain
exactness properties. In particular, restricting these functorial factorizations to the
morphisms of the form (X → ∗) yields an exact functor (“cone”):
C : C → C , X 7→ C(X),
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and also an exact functor (“suspension”):
Σ: C → C , X 7→ Σ(X) : = C(X)/X.
We refer to [9, 1.6] for more details. The assumption about the existence of cylinder
functors is not necessary in all of our proofs, but it will be convenient for some
main examples of Waldhausen pairs (C ,A ) for which the inclusion A ⊂ C is not
homotopically fully faithful.
Definition 3.4. A Waldhausen pair (C ,A ) is called good if C has the 2-out-of-
3 property and admits a cylinder functor which satisfies the cylinder axiom and
restricts to a cylinder functor on A .
Note that if (C ,A ) is a good Waldhausen pair, then both C and A are good
Waldhausen categories. We will be also interested in the following type of a Wald-
hausen pair, which may fail to be good in general, but it has different strong
homotopical properties.
Definition 3.5. A Waldhausen subcategory A ⊂ C is called replete if it is a full
subcategory and has the following property: given X ∈ A , then any object Y ∈ C
which is weakly equivalent to X is also in A . In this case, we also say that the
Waldhausen pair (C ,A ) is replete.
Lemma 3.6. Let C be a good Waldhausen category and let A = (Ai)i≥1 be a
collection of Waldhausen subcategories of C . Suppose that C has a cylinder functor
which satisfies the cylinder axiom.
(i) The Waldhausen categories SnCA and ŜnCA have the 2-out-of-3 property
for any n ∈ {1, 2, . . . ,∞}.
(ii) Suppose that (C ,Ai) is replete for every i ≥ 1 and that Σ: C → C sends
Ai to Ai+1. Then Ŝ∞CA admits factorizations. In particular, Ŝ∞CA is a
good Waldhausen category.
(iii) Let n ≥ 1. Suppose that (C ,Ai) is a good Waldhausen pair for 1 ≤ i ≤ n.
Then SnCA and ŜnCA admit (functorial) factorizations. In particular, the
Waldhausen categories SnCA and ŜnCA are good Waldhausen categories.
Proof. (i) is obvious. (ii): Let F•,• : X•,• → Y•,• be a morphism in Ŝ∞CA . By
Proposition 3.1, there is a factorization of the morphism in S∞C
F•,• + Id: X•,• ∨ Y•,• → Y•,•
into a cofibration followed by a weak equivalence (both in the sense of S∞C )
X•,• ∨ Y•,•֌ Z•,•
∼
→ Y•,•.
Then we define a new object Z ′•,• ∈ S∞C by
Z ′0,i := X0,i ∪X0,i−1 Z0,i−1 ∪Y0,i−1 Y0,i.
Using our assumptions on (C ,A ), it follows that the object Z ′•,• is in S∞CA .
Moreover, the canonical morphisms (X0,i → Z
′
0,i → Y0,i) define the required fac-
torization in Ŝ∞CA :
X•,•֌ Z
′
•,•
∼
−→ Y•,•.
(iii): the functorial factorizations in C , given by the cylinder functor, produce
functorial factorizations in SnC [9, 1.6.1]. Using the assumptions, these restrict to
functorial factorizations on the Waldhausen subcategory SnCA , as required. The
factorizations in SnCA define also factorizations in ŜnCA . 
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3.3. A homotopy fiber sequence. For n ∈ {1, 2, · · · ,∞}, let SwnCA denote the
full Waldhausen subcategory of SnCA spanned by those objects X•,• which are
weakly equivalent to the zero object in ŜnCA , that is, the morphism ∗ → X0,n is a
weak equivalence. Clearly, if SnCA is good, then so is S
w
nCA . The exact inclusion
functors in restrict to exact functors
iwn,A : S
w
nCA →֒ S
w
n+1CA
whose colimit is Sw∞CA . For n = 1, S
w
1 CA is the Waldhausen subcategory of A1
which consists of the weakly trivial objects.
Proposition 3.7. Let C be a good Waldhausen category, A = (Ai)i≥1 a collection
of Waldhausen subcategories of C , and let n ∈ {1, 2, · · · ,∞}. Suppose that ŜnCA
is a good Waldhausen category (see, e.g., Lemma 3.6). Then the exact functors
SwnCA →֒ SnCA → ŜnCA induce a homotopy fiber sequence
K(SwnCA )→ K(SnCA )→ K(ŜnCA ).
Proof. This is a direct application of the Fibration Theorem (Theorem 2.7). 
4. Admissible Waldhausen Pairs
4.1. Basic definitions and properties. Let (C ,A ) be a good Waldhausen pair.
For the purpose of the devisage theorem in the next section, we will need to consider
an additional ad hoc condition on (C ,A ) which states an identification of the K-
theory of the Waldhausen category Sw∞CA . For each n ≥ 1, we have an exact
functor
qwn : S
w
nCA −→
n−1∏
1
A , (X•,•) 7→ (X0,1, · · · , Xn−2,n−1).
Each functor qwn admits a section given by the exact functor
jn :
n−1∏
1
A → SwnCA , (A1, · · · , An−1) 7→ (∗֌ A1 ֌ · · ·֌
n−1∨
1
Ai֌
n−1∨
1
C(Ai)).
As a consequence, the induced map K(jn) defines a section of K(q
w
n ). It will be
convenient to consider also the exact functor τn :
∏n−1
1 A → S
w
nCA which induces
a section only up to a homotopy equivalence. This is defined on objects by
τn : (A1, · · · , An−1) 7→ (∗֌ A1 ֌ A2∨CA1 ֌ · · ·֌ An−1∨
n−2∨
1
CAi֌
n−1∨
1
CAi).
The composite functor qwn ◦ τn is given on objects by
(A1, · · · , An−1) 7→ (A1, A2 ∨ ΣA1, · · · , An−1 ∨ ΣAn−2)
which induces a homotopy equivalence in K-theory. More specifically, the map in
K-theory is identified with the homotopy equivalence
(π1, π2 − π1, · · · , πn−1 − πn−2) :
n−1∏
1
K(A )→
n−1∏
1
K(A )
where πi denotes the projection onto the i-th factor and the sum corresponds to
the loop sum. Clearly each of the maps K(qwn ), K(jn), and K(τn), is a homotopy
equivalence if any one of them is a homotopy equivalence.
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The functors {τn}n≥1 are compatible with respect to n ≥ 1 in the sense that the
following diagrams of exact functors commute:
SwnCA
iwn,A
// Swn+1CA
∏n−1
1 A
τn
OO
//
∏n
1 A
τn+1
OO
where the bottom functor is the canonical inclusion functor, given on objects by
(A1, · · · , An−1) 7→ (A1, · · · , An−1, ∗). As a consequence, we obtain an exact functor
τ∞ : colim−−−→n
n−1∏
1
A −→ Sw∞CA .
Definition 4.1. Let (C ,A ) be a good Waldhausen pair. We say that (C ,A ) is
admissible if the exact functor τ∞ induces a homotopy equivalence:
K(τ∞) : colim−−−→n
n−1∏
1
K(A )
≃
−→ K(Sw∞CA ).
Remark 4.2. The comments above imply that K(τn) is (split) injective on ho-
motopy groups. As a consequence, K(τ∞) is also always injective on homotopy
groups.
Remark 4.3. The functors {jn}n≥1 are not compatible with the respect to the
natural inclusion functors iwn,A . We consider the exact functor
ξn :
n−1∏
1
A →
n∏
1
A , (A1, · · · , An−1) 7→ (A1, · · · , An−1,
n−1∨
1
Σ(Ai)).
The map in K-theory induced by ξn can be identified with the map
(π1, · · · , πn−1,−
n−1∑
1
πi) :
n−1∏
1
K(A )→
n∏
1
K(A )
where πi denotes the projection onto the i-th factor. Using the Additivity Theorem
(Theorem 2.4), it can be shown that the induced diagram in K-theory
(5) K(SwnCA )
K(iwn,A )
// K(Swn+1CA )
∏n−1
1 K(A ) K(ξn)
//
K(jn)
OO
∏n
1 K(A )
K(jn+1)
OO
commutes up to a preferred homotopy. Thus, we may obtain also in this way a
map as n→∞:
J∞ : colim−−−→(ξn)
n−1∏
1
K(A ) −→ K(Sw∞CA ).
We do not know if the diagram analogous to (5) but where the vertical maps are
the retraction maps K(qwn ) is also homotopy commutative – this is related to the
admissibility assumption.
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We do not know if every good Waldhausen pair (C ,A ) is admissible. In the
following sections, we will show several classes of examples where the admissibility
assumption is satisfied, using arguments specific to each case.
4.2. Criteria for admissiblity. Let (C ,A ) be a good Waldhausen pair. We let
SwnC
1
A
denote the Waldhausen category whose category with cofibrations is the
same as that of SwnCA and a morphism F•,• : X•,• → Y•,• is a weak equivalence if
F0,1 is a weak equivalence in A . This is again a good Waldhausen category. For
n ≥ 2, there are exact functors as follows:
p1n : S
w
nC
1
A → A , (X•,•) 7→ X0,1
s : A → SwnC
1
A , A 7→ (∗֌ A = A = · · · = A֌ C(A)).
Note that the composite functor p1n ◦ s is the identity. Let iso S
w
nC
1
A
(resp. iso A )
denote the associated Waldhausen category whose underlying category with cofi-
brations is that of SwnC
1
A
(resp. A ), and a morphism F•,• : X•,• → Y•,• is a weak
equivalence if F0,1 is an isomorphism (resp. the weak equivalences in iso A are
the isomorphisms). The functors defined above are exact also with respect to these
Waldhausen category structures.
Proposition 4.4. Let (C ,A ) be a good Waldhausen pair. Then (C ,A ) is admis-
sible if any of the following conditions holds.
(1) The map K(p1n) : K(S
w
nC
1
A
) → K(A ), (X•,•) 7→ X0,1, is a homotopy
equivalence for every n ≥ 2.
(2) The map
K(p1n) : K(iso S
w
nC
1
A )→ K(iso A ), (X•,•) 7→ X0,1,
is a homotopy equivalence for every n ≥ 2.
Proof. (1) We proceed by induction on n ≥ 1 and show that K(qwk ) is a homotopy
equivalence for k ≤ n if and only if K(p1k) is a homotopy equivalence for k ≤
n. The claim is obvious for n ≤ 2. For the inductive step, consider the full
Waldhausen subcategory En ⊂ S
w
nCA which consists of objects (X•,•) such that
X0,1 is weakly trivial. Then the Fibration Theorem (Theorem 2.7) implies that
there is a homotopy fiber sequence
K(En)→ K(S
w
nCA )→ K(S
w
nC
1
A ).
There are exact functors
ρ : En → S
w
n−1CA , (X•,•) 7→ (∗֌ X1,2֌ · · ·֌ X1,n)
ι : Swn−1CA → En, (Y•,•) 7→ (∗ = ∗֌ Y0,1֌ · · ·֌ Y0,n−1).
The composition ρ ◦ ι is the identity functor. The composition ι ◦ ρ is weakly
equivalent to the identity functor via the following natural weak equivalence of
filtered objects:
X0,1 // //
∼

X1,2 // //
∼

· · · // // X0,n
∼

∗ // // X1,2 // // · · · // // X1,n.
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Therefore, K(En) ≃ K(S
w
n−1CA ) ≃
∏n−2
1 K(A ), using the inductive assumption.
Now we consider the following homotopy commutative diagram:
K(En) // K(S
w
nCA ) // K(S
w
nC
1
A
)
∏n−2
1 K(A )
//
≃ K(ιjn−1)
OO
∏n−1
1 K(A )
π1 //
K(jn)
OO
K(A )
K(s)
OO
where the rows are homotopy fiber sequences (of infinite loop spaces). The right
square is homotopy commutative because the underlying exact functors are natu-
rally weakly equivalent. Hence the right vertical map is a homotopy equivalence
if and only if the middle vertical map is a homotopy equivalence. Equivalently,
the map K(p1n) is a homotopy equivalence if and only if K(jn) – and therefore
also K(qwn ) and K(τn) – is a homotopy equivalence. The result then follows by
induction.
(2) Let Dn ⊂ iso S
w
nC
1
A
be the full Waldhausen subcategory spanned by the objects
X•,• such that X0,1 is weakly trivial. Consider the following diagram in K-theory:
K(Dn) //

K(iso SwnC
1
A
) //

K(SwnC
1
A
)

K(iso A w) // K(iso A ) // K(A )
where the rows define homotopy fiber sequences (of infinite loop spaces) by the
Fibration Theorem (Theorem 2.7). The vertical maps are induced by the functor
p1n : X•,• 7→ X0,1. The map K(Dn) → K(iso A
w) is a homotopy equivalence with
homotopy inverse induced by the functor A 7→ (∗֌ A = · · · = A). Hence the right
vertical map is a homotopy equivalence if (and only if) the middle vertical map is
a homotopy equivalence. The result then follows from (1). 
4.3. Example: Replete Waldhausen pairs. The next proposition shows that
replete Waldhausen pairs (Definition 3.5) are examples of admissible Waldhausen
pairs.
Proposition 4.5. Let (C ,A ) be a good Waldhausen pair which is also replete.
Then (C ,A ) is admissible.
Proof. We will show that the exact functor qwn : S
w
nCA →
∏n−1
1 A induces a ho-
motopy equivalence in K-theory for any n ≥ 1. Let Sn−1(CA ,Σ
−1A ) denote the
full Waldhausen subcategory of Sn−1CA spanned by objects (X•,•) such that the
suspension of X0,n−1 is in A . In detail, this means that there is a factorization
X0,n−1֌ Z
∼
→ ∗
such that the cofiber of the first morphism is in A . (Since A ⊂ C is replete, this
property is independent of the choice of the factorization.) The full Waldhausen
subcategory Sn−1(CA ,Σ
−1A ) has the 2-out-of-3 property and admits factorizations
because Sn−1CA has these properties. There is an exact functor
U : SwnCA → Sn−1(CA ,Σ
−1
A )
which simply forgets the last column. We show that U induces a homotopy equiv-
alence in K-theory by checking that it has properties (App1) and (App2) of the
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Approximation Theorem (Theorem 2.6). U obviously satisfies (App1). To verify
(App2), let
f : U (X•,•)→ Z•,•
be a morphism in Sn−1(CA ,Σ
−1A ) and consider a factorization
Z0,n−1 ∪X0,n−1 X0,n֌ Y
∼
→ ∗.
Then let Z ′•,• be the object of S
w
nCA that corresponds to the filtered object
∗֌ Z0,1֌ Z0,2֌ · · ·֌ Z0,n−1֌ Y
by making choices of cofibers. There is an obvious morphism f ′ : X•,• → Z
′
•,• and
a weak equivalence q : U (Z ′•,•)
=
−→ Z•,• such that f = q ◦ U (f
′). Thus, (App2)
holds, and therefore U induces a homotopy equivalence in K-theory:
K(U ) : K
(
SwnCA
) ≃
→ K
(
Sn−1(CA ,Σ
−1
A )
)
.
We may view A as the full Waldhausen subcategory of constant filtered objects
in Sn−1(CA,Σ
−1A ), and Sn−2(CA,Σ
−1A ) as the full Waldhausen subcategory of
those filtered objects with X0,1 = ∗. We have an equivalence of categories
Sn−1(CA,Σ
−1
A ) ≃ E(A , Sn−1(CA,Σ
−1
A ), Sn−2(CA,Σ
−1
A )).
Therefore the Additivity Theorem (Theorem 2.4) yields inductively homotopy equiv-
alences as follows:
K
(
Sn−1(CA,Σ
−1
A )
)
≃ K(A )×K
(
Sn−2(CA ,Σ
−1
A )
)
≃ · · · ≃
n−1∏
1
K(A ).
The composite homotopy equivalence is given by the functor:
(6) (X•,•) 7→ (X0,1, X1,2, · · · , Xn−2,n−1).

Remark 4.6. The proof of Proposition 4.5 works also under some slightly weaker
assumptions. It suffices that C is good, A →֒ C detects cofibrations, and (C ,A )
is replete. In other words, under these assumptions, it is not required to assume
that C admits functorial factorizations.
4.4. Example: Waldhausen pairs with (WHEP). This example is inspired
by the assumptions in the de´vissage theorem of D. Yao [10]. Let (C ,A ) be a
good Waldhausen pair. We say that (C ,A ) satisfies the weak homotopy extension
property (WHEP) if the following property is satisfied: given a cofibration A֌ B
in A and X ∈ C such that X
∼
−→ ∗, then every morphism C(A)∪AB → X extends
to a morphism C(B)→ X along the cofibration C(A) ∪A B֌ C(B).
Proposition 4.7. Let (C ,A ) be a good Waldhausen pair where A ⊂ C is a full
subcategory. Suppose that (C ,A ) satisfies the weak homotopy extension property.
Then (C ,A ) is admissible.
Proof. We show that the condition of Proposition 4.4(1) is satisfied. To this end,
we claim that the exact functor s : A → SwnC
1
A
induces a homotopy equivalence
in K-theory. This is shown by applying the Approximation Theorem (Theorem
2.6). The functor s clearly satisfies (App1). For (App2), we consider a morphism
F•,• : s(A)→ X•,• and a factorization in A
A
i
֌ Z
q,∼
−−→ X0,1.
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By the weak homotopy extension property, we find an extension of the morphism
C(A) ∪A Z → X0,n to a morphism q
′ : C(Z) → X0,n. This extension is used to
define a morphism Q•,• : s(Z)→ X•,• by
Z
q

Z

· · · Z

// // C(Z)
q′

X0,1 // // X0,2 // // · · · // // X0,n−1 // // X0,n
and this gives the required factorization of F•,• as the composition
s(A)
s(i)
֌ s(Z)
Q•,•,∼
−−−−→ X•,•.

Example 4.8. Let (C ,A ) be a good Waldhausen pair where A ⊂ C is a full
subcategory. Suppose that there is an exact fully faithful functor ι : C →֒ Mc in the
full subcategory of cofibrant objects of a pointed model category M. In addition,
suppose that for every X ∈ C which is weakly trivial, the object ι(X) ∈M is also
fibrant. Then (C ,A ) has the weak homotopy extension property and therefore it
is admissible.
5. Single Type De´vissage
Assumptions. We fix the following notation and assumptions throughout this
section. We let (C ,A ) denote a good Waldhausen pair. We denote also by A the
collection of Waldhausen subcategories (A = Ai)i≥1 which is constant at A . By
Lemma 3.6, it follows that the Waldhausen categories SnCA and ŜnCA are good
for every n ∈ {1, 2, . . . ,∞}.
5.1. The de´vissage condition. There are exact “evaluation” functors
evn : ŜnCA → C , (X•,•) 7→ X0,n.
These are compatible with stabilization along the inclusion functors în,A , so there
is also an induced exact functor,
ev∞ : Ŝ∞CA → C ,
which sends a staircase diagram representing a bounded A -filtration of an object
X0,n, for n large enough, to the object itself. One of the main functions of a
de´vissage condition on (C ,A ) is to ensure that the exact functor ev∞ induces a
K-equivalence.
Definition 5.1. We say that (C ,A ) satisfies the de´vissage condition if for every
morphism f : X → Y in C , there is a weak equivalence g : Y
∼
→ Y ′ such that the
composition gf : X → Y ′ admits a factorization
X = X0֌ X1֌ · · ·֌ Xm−1֌ Xm
∼
→ Y ′
where Xi/Xi−1 ∈ A for all i ≥ 1.
This roughly says that up to weak equivalence all morphisms in C , and not
just the objects, admit filtrations whose subquotients are in A – not necessarily
functorially.
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Example 5.2. Suppose that (C ,A ) satisfies the de´vissage condition. Let (C ,A ′)
be another good Waldhausen pair where ObA ⊆ ObA ′. Then (C ,A ′) also satisfies
the de´vissage condition.
Example 5.3. Suppose that (C ,A ) satisfies the de´vissage condition. Let C ′ be an-
other Waldhausen category whose underlying category with cofibrations is (C , coC )
and wC ⊆ wC ′. Let (C ′,A ′) denote the good Waldhausen pair which corresponds
to the subcategory of C ′ defined by A . Then (C ′,A ′) also satisfies the de´vissage
condition.
Proposition 5.4. Suppose that (C ,A ) satisfies the de´vissage condition. Then
ev∞ : Ŝ∞CA → C induces a homotopy equivalence
K(Ŝ∞CA )
≃
→ K(C ).
Proof. We claim that the functor ev∞ : Ŝ∞CA → C satisfies the conditions of the
Approximation Theorem (Theorem 2.6). (App1) holds by definition. For (App2),
let (X•,•) be an object in Ŝ∞CA and consider a morphism in C
f : ev∞(X•,•) = X0,n → Y.
Using the de´vissage condition applied to the morphism f , there is a weak equiva-
lence g : Y
∼
→ Y ′ and a factorization of the composite gf ,
X0,n = Z0֌ Z1֌ · · ·֌ Zm
∼
→ Y ′
such that the subquotients Zi/Zi−1 are in A . Consequently, the combination of
the two filtered objects
(X•,•′)0≤•≤•′≤n and (Z•)
can be extended, by making choices of cofibers, to a new object (Z•,•) in Ŝ∞CA .
There is a canonical morphism in Ŝ∞CA
f ′ : (X•,•)→ (Z•,•)
whose components are either identities or a composition of cofibrations in the fac-
torization of the map X0,n → Y
′ considered above. Lastly, the weak equivalence
ev∞(Z•,•) = Zm
∼
→ Y ′ fits in a commutative diagram
ev∞(X•,•)
f
//
ev∞(f
′)

Y
∼g

ev∞(Z•,•)
∼ // Y ′.
This shows that (App2) is satisfied and then the result follows from Theorem 2.6.

5.2. The man theorem. A de´vissage theorem of single type is a statement that for
certain Waldhausen pairs (C ,A ) for which a de´vissage–type condition is satisfied,
the induced map K(A )
≃
−→ K(C ) is a homotopy equivalence. Combining our
admissibility and de´vissage conditions (see Definition 4.1 and Definition 5.1), we
obtain our main de´vissage theorem of this type.
Theorem 5.5 (Single Type De´vissage). Let (C ,A ) be an admissible Waldhausen
pair which satisfies the de´vissage condition. Then the inclusion A →֒ C induces a
homotopy equivalence K(A )
≃
→ K(C ).
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Proof. Consider the following diagram
(7) K(SwnCA ) // K(SnCA )
∼

// K(ŜnCA )
∏n−1
1 K(A )
//
K(τn)
OO
∏n
1 K(A )
∨ //
UU
K(A )
OO
The middle vertical maps are homotopy equivalences from Propositions 3.2. The
left vertical map was defined in Subsection 4.1. The left bottom map is induced by
the exact functor
(A1, · · · , An−1) 7→ (A1, A2 ∨ΣA1, · · · , An−1 ∨ ΣAn−2,ΣAn−1).
The left square commutes up to homotopy by direct inspection.
The bottom map
∏n
1 K(A )→ K(A ) is induced by the coproduct functor. The
right vertical map is the canonical inclusion A = Ŝ1CA → ŜnCA . The right square
is also homotopy commutative, since the underlying exact functors are naturally
weakly equivalent. Note that the bottom row defines a homotopy fiber sequence
and the top row is a homotopy fiber sequence by Proposition 3.7.
Passing to the colimit as n→∞, we obtain a homotopy commutative diagram
(8) K(Sw∞CA ) // K(S∞CA )
∼

// K(Ŝ∞CA )
colim−−−→n
∏n−1
1 K(A )
//
≃ K(τ∞)
OO
colim−−−→n
∏n
1 K(A )
∨ //
UU
K(A )
OO
whose rows are homotopy fiber sequences (of infinite loop spaces) and K(τ∞) is
a homotopy equivalence because (C ,A ) is admissible by assumption. Hence the
right vertical map K(A )→ K(Ŝ∞CA ) is a homotopy equivalence. (Note that both
of the right horizontal maps are π0-surjective.)
By Proposition 5.4, the exact functor ev∞ induces a homotopy equivalence
K(Ŝ∞CA )
≃
−→ K(C ). Then the result follows because the map in K-theory in-
duced by the inclusion A ⊂ C agrees with the composition of homotopy equiva-
lences K(A )
≃
−→ K(Ŝ∞CA )
≃
−→ K(C ). 
Remark 5.6. The proof of Theorem 5.5 shows also the following converse state-
ment: if (C ,A ) satisfies the de´vissage condition and the inclusion A →֒ C induces
a homotopy equivalence K(A )
≃
→ K(C ), then the pair (C ,A ) is admissible.
5.3. De´vissage functors. The de´vissage condition for a (good) Waldhausen pair
(C ,A ) is often a consequence of the existence of a de´vissage functor on C defined
as follows.
Definition 5.7. A de´vissage functor for (C ,A ) is a (not necessarily exact!) functor
D : C → E(C ,C ,A ), X 7→ D(X) = (L(X)֌ X ։ A(X))
where L : C → C and A : C → A are (not necessarily exact!) functors such that:
(1) D preserves cofibrations,
(2) for each X ∈ C , there is n ≥ 1 such that Ln(X) = ∗.
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Proposition 5.8. Let D be a de´vissage functor for (C ,A ). Then (C ,A ) satisfies
the de´vissage condition. Moreover, if (C ,A ) is also admissible, then the inclusion
A →֒ C induces a homotopy equivalence K(A )
≃
→ K(C ).
Proof. Given a cofibration i : X ֌ Y , we consider for n large enough the morphism
of filtered objects
∗ = Ln+1(X) // // Ln(X) // //


Ln−1(X) // //


· · ·

// // L(X) // //


X

∗ = Ln+1(Y ) // // Ln(Y ) // // Ln−1(Y ) // // · · · // // L(Y ) // // Y.
Then the objects Lk(f), 1 ≤ k ≤ n, defined by the pushouts
Lk(X) // //


X

Lk(Y ) // // Lk(f)
yield a factorization of i : X ֌ Y ,
X ֌ Ln(f)֌ Ln−1(f)֌ · · ·֌ L1(f)֌ L0(f) := Y.
Here the morphisms are cofibrations in C because D preserves cofibrations by
assumption. The cofiber of Lk+1(f)֌ Lk(f), k ≥ 0, is the cofiber of A(Lk(X))֌
A(Lk(Y )) which is in A . Hence the de´visage condition is satisfied for cofibrations.
For an arbitrary morphism f : X → Y , we choose a factorization X
i
֌ Y ′
∼
→ Y
and find a factorization of i as shown above. The second claim is a consequence of
Theorem 5.5. 
Remark 5.9. As already suggested in the proof of Proposition 5.8, a de´vissage
functor D for (C ,A ) can be iterated in order to define an exact functor D∞ : C →
Ŝ∞CA which is a section to ev∞. If, moreover, the de´vissage functor D is also
exact, which is too strong an assumption in general, then D∞ actually defines an
exact functor D∞ : C → S∞CA . If, furthermore, D∞ sends A to S∞A , then it can
be shown that the map K(A )
≃
−→ K(C ) is a homotopy equivalence, with homotopy
inverse induced by the composite exact functor:
C
D∞−−→ S∞CA
colim
−−−→n
qn
−−−−−−→ colim−−−→n A
n ∨−→ A .
Example 5.10. Let C be a good Waldhausen category with a cylinder functor
which satisfies the cylinder axiom. We may consider the good Waldhausen pair
that corresponds to the exact inclusion functor (cf. Theorem 2.3):
C × C →֒ S2C , (X,Y ) 7→ (X ֌ X ∨ Y ։ Y ).
There is a de´vissage functor D for (S2C ,C × C ) which is defined on objects by
sending (A֌ C ։ B) to the cofiber sequence in E(S2C , S2C ,C × C ):
D : (A֌ C ։ B) 7→
(
(A = A։ ∗)֌ (A֌ C ։ B)։ (∗֌ B = B)
)
.
By Proposition 5.8, it follows that (S2C ,C × C ) satisfies the de´vissage condition.
According to the Additivity Theorem (Theorem 2.3), the map K(C × C )
≃
−→
K(S2C ) is a homotopy equivalence. (In fact, D is actually exact in this case,
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so the argument in the preceding remark applies.) Then it follows from Remark
5.6 that the good Waldhausen pair (S2C ,C × C ) is admissible – so it satisfies the
assumptions of Theorem 5.5. In this indirect way, we may view the statement of
the Additivity Theorem for C as part of the statement of Theorem 5.5 – whose
proof, of course, made essential use of the Additivity Theorem.
5.4. Example: Abelian categories. Let C be a (small) abelian category. This
may be regarded as a Waldhausen category in the standard way by defining the
cofibrations to be the monomorphisms and the weak equivalences to be the iso-
morphisms. We let Chb(C) denote the Waldhausen category of bounded chain
complexes in C, where the cofibrations are the monomorphisms and the weak
equivalences are the quasi-isomorphisms of chain complexes. According to the
Gillet-Waldhausen theorem [7], the exact inclusion functor C → Chb(C), as chain
complexes concentrated in degree 0, induces a homotopy equivalence in K-theory
(9) K(C)
≃
−→ K(Chb(C)).
Let A ⊂ C be a full exact abelian subcategory. The corresponding inclusion of
chain complexes Chb(A) ⊂ Chb(C) defines a Waldhausen subcategory. In addition,
(Chb(C),Chb(A)) is a good Waldhausen pair using the standard cylinder objects
for chain complexes. We emphasize that the exact inclusion Chb(A) ⊂ Chb(C) is
full but not homotopically full in general.
We recall Quillen’s de´vissage theorem for the K-theory of abelian categories.
Theorem 5.11 (Quillen [5], De´vissage). Let C be an abelian category and A a
full exact abelian subcategory which is closed in C under subobjects and quotients.
Suppose that every object C ∈ C admits a finite filtration
0 = C0 ⊆ C1 ⊆ C2 ⊆ · · · ⊆ Cn−1 ⊆ Cn = C
such that Ci/Ci−1 ∈ A for all i = 1, · · · , n. Then the inclusion A →֒ C induces a
homotopy equivalence K(A)
≃
→ K(C).
The purpose of this subsection is to relate Quillen’s de´vissage theorem to Theo-
rem 5.5 when applied to the respective categories of bounded chain complexes. The
de´vissage condition in Quillen’s theorem is seemingly weaker than the de´vissage con-
dition of Definition 5.1 – while Theorem 5.11 requires the existence of appropriate
filtrations of objects, the de´vissage condition of Definition 5.1 essentially requires
the existence of such factorizations for all maps of chain complexes. However, it
turns out that the de´vissage condition for (Chb(C),Chb(A)) is satisfied under the
assumptions of Quillen’s theorem.
Lemma 5.12. Let A ⊂ C be as in Theorem 5.11. Then for every C ∈ C and
subobject C′ ⊆ C, there is a filtration
C′ = C′0 ⊆ C
′
1 ⊆ C
′
2 ⊆ · · · ⊆ C
′
n−1 ⊆ C
′
n = C
such that C′i/C
′
i−1 ∈ A for all i = 1, · · · , n.
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Proof. There is a filtration 0 = C0 ⊆ C1 ⊆ C2 ⊆ · · · ⊆ Cn−1 ⊆ Cn = C such that
Ci/Ci−1 ∈ A for i ≥ 1. For i ≥ 0, we consider the pushouts of subobjects of C:
C′ ∩ Ci //

Ci

C′ // C′i.
Thus, there is a filtration C′ ⊆ C′1 ⊆ C
′
2 ⊆ · · · ⊆ C
′
n−1 ⊆ C
′
n = C and the cokernels
C′i/C
′
i−1 are quotients of Ci/Ci−1, hence they are again in A. 
Proposition 5.13. Let A ⊂ C be as in Theorem 5.11. Then (Chb(C),Chb(A))
satisfies the de´vissage condition.
Proof. Consider an object in Chb(C)
C• = (· · · → 0→ Cn → Cn−1 → · · · → C1 → C0 → 0→ · · · )
and a subobject C′• →֒ C•. First, by Lemma 5.12, we may suppose that there is a
filtration of C′n ⊆ Cn:
C′n = C0,n ⊆ C1,n ⊆ · · · ⊆ Cm−1,n ⊆ Cm,n ⊆ Cn
whose successive subquotients lie in A. Set X0,n−1 := C
′
n−1. For i = 1, · · · ,m,
define Xi,n−1 inductively by pushout squares
Ci−1,n //

Ci,n

Xi−1,n−1 // Xi,n−1.
(Note that C0,n = C
′
n
∂
−→ C′n−1 = X0,n−1.) We obtain in this way a factorization
of the inclusion C′n−1 ⊆ Cn−1 as follows:
C′n−1 = X0,n−1 ⊆ X1,n−1 ⊆ · · · ⊆ Xm−1,n−1 ⊆ Xm,n−1 → Cn−1
which has the required property except possibly at the last stage. Let Ci,n−1 denote
the image of Xi,n−1 in Cn−1. Then there is a filtration of C
′
n−1 ⊆ Cn−1
(10) C′n−1 = C0,n−1 ⊆ C1,n−1 ⊆ · · · ⊆ Cm−1,n−1 ⊆ Cm,n−1 ⊆ Cn−1
whose successive subquotients, except possibly for the last one, are in A, since A
is closed under taking quotients in C. By Lemma 5.12, there is a further filtration
(11) Cm,n−1 = C0,n−1 ⊆ C1,n−1 ⊆ · · · ⊆ Cm′,n−1 = Cn−1
whose successive subquotients are in A. Joining these two filtrations (10) and (11),
we obtain a combined filtration of C′n−1 ⊆ Cn−1 with the required property that
its subquotients are in A. Together with the original filtration of C′n ⊆ Cn, this
defines a filtration for the inclusion
(C′n
∂
→ C′n−1) →֒ (Cn
∂
→ Cn−1).
Repeating this process inductively on the length of the chain complex, we obtain
a filtration for the inclusion C′• ⊆ C• as required. This shows that the de´vissage
condition is satisfied for cofibrations between chain complexes. For an arbitrary
chain map f : C′• → C•, we choose a factorization C
′
•
i
֌ C′′•
∼
→ C• and apply the
construction above to the cofibration i : C′• ⊆ C
′′
• . 
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Remark 5.14. Let Chb(C)ac (resp. (Chb(A)ac) denote the full Waldhausen subca-
teogry which is spanned by the acyclic chain complexes. Then the Waldhausen pair
(Chb(C)ac,Chb(A)ac) is again good. In addition, the factorizations constructed in
Proposition 5.13 apply also to the Waldhausen pair (Chb(C)ac,Chb(A)ac). Hence
this Waldhausen pair satisfies the de´vissage condition too.
Let A ⊂ C be as in Theorem 5.11. Applying Theorem 5.11 and the Gillet-
Waldhausen homotopy equivalence (9), we conclude that the exact inclusion functor
Chb(A) →֒ Chb(C) induces a homotopy equivalence:
K(Chb(A))
≃
−→ K(Chb(C)).
As a consequence, it follows from Proposition 5.13 and Remark 5.6 that the good
Waldhausen pair (Chb(C),Chb(A)) is admissible – so it satisfies the assumptions of
Theorem 5.5. It would clearly also be desirable to have a proof of the admissibilty
of (Chb(C),Chb(A)) which is independent of Theorem 5.11.
6. Multiple Type De´vissage
Assumptions. We fix the following notation and assumptions throughout this
section. Let C be a good Waldhausen category equipped with a cylinder functor
which satisfies the cylinder axiom. Let A = (Ai)i≥1 be a collection of Waldhausen
subcategories such that for every i ≥ 1:
(a) (C ,Ai) is a replete Waldhausen pair (Definition 3.5),
(b) the Waldhausen subcategory Ai is closed under extensions in C , i.e. given
a cofiber sequence A֌ X ։ B in C with A,B ∈ Ai, then X ∈ Ai,
(c) the suspension functor Σ: C → C sends Ai to Ai+1.
We note that the Waldhausen category Ŝ∞CA is good by Lemma 3.6.
6.1. Admissibility. As in the case of de´vissage of single type, the purpose of an
admissibility assumption on (C ,A ) is to identify the K-theory of the Waldhausen
category Sw∞CA . In the multiple type case, the relevant admissibility assumption
is much stronger, however, at the same time, it is significantly easier to verify in
many examples of interest.
Definition 6.1. We say that (C ,A ) is admissible if for every X•,• ∈ S
w
∞CA , we
have that X0,k ∈ Ak for every k ≥ 1.
This admissibility assumption is motivated by the following example from [9].
Example 6.2. Let C be a Waldhausen category associated with a homology theory
in the sense of [9, 1.7], and let Ai denote the Waldhausen subcategory of spherical
objects of dimension i − 1. Then (C ,A = (Ai)i≥1) is admissible by [9, Lemma
1.7.4].
For each n ≥ 1, we have an exact functor (cf. Subsection 4.1):
qwn : S
w
nCA → A1 × · · · ×An−1, X•,• 7→ (X0,1, · · · , Xn−2,n−1).
Assuming that (C ,A ) is admissible, we also have a well-defined exact functor:
pn : S
w
nCA → A1 × · · · ×An−1, X•,• 7→ (X0,1, · · · , X0,n−1).
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Similarly to Subsection 4.1, there are also exact functors τn :
∏n−1
1 Ai → S
w
nCA
for n ≥ 1. In detail, τn is defined on objects by
τn : (A1, · · · , An−1) 7→ (∗֌ A1 ֌ A2∨CA1 ֌ · · ·֌ An−1∨
n−2∨
1
CAi֌
n−1∨
1
CAi).
(Note that this functor is well defined because of assumption (c) on (C ,A ).) More-
over, the following diagram of exact functors commutes:
SwnCA
iwn,A
// Swn+1CA
∏n−1
1 Ai
τn
OO
//
∏n
1 Ai
τn+1
OO
where the bottom functor is the canonical inclusion functor, given on objects by
(A1, · · · , An−1) 7→ (A1, · · · , An−1, ∗). As a consequence, we also obtain an exact
functor τ∞ : colim−−−→n
∏n−1
1 Ai −→ S
w
∞CA .
The composite functor pn ◦ τn is weakly equivalent to the identity functor. The
composite functor qwn ◦ τn is given on objects by
(A1, · · · , An−1) 7→ (A1, A2 ∨ ΣA1, · · · , An−1 ∨ ΣAn−2)
and it induces a homotopy equivalence in K-theory. More specifically, the map in
K-theory is identified with the homotopy equivalence:
(π1, π2 +Σ ◦ π1, · · · , πn−1 +Σ ◦ πn−2) :
n−1∏
1
K(Ai)→
n−1∏
1
K(Ai)
where πi denotes the projection onto the i-th factor, the sum corresponds to the
loop sum, and Σ: K(Ai)→ K(Ai+1) denotes here, by a slight abuse of notation, the
map that is induced by the suspension functor on C . Each one of the maps K(pn),
K(qwn ) and K(τn) is a homotopy equivalence if any one of them is a homotopy
equivalence.
Proposition 6.3. Suppose that (C ,A ) be admissible. Then the map
K(pn) : K(S
w
nCA )→ K(A1)× · · · ×K(An−1)
is a homotopy equivalence.
Proof. The proof is essentially the same as the proof of [9, Lemma 1.7.3] and will
be omitted. 
6.2. The de´vissage condition. First we define an abstract notion of connectivity
in C with respect to A . This definition is inspired by the Hypothesis in [9, 1.7, p.
361]. A morphism f : X → Y in C is k–connected (with respect to A ), k ≥ −1, if
there is a weak equivalence g : Y
∼
−→ Y ′ and a factorization of gf : X → Y ′
X = X0 ֌ X1֌ X2֌ · · ·֌ Xm
∼
−→ Y ′
such that Xi/Xi−1 ∈ Ak+i+1 for every i ≥ 1.
Definition 6.4. We say that (C ,A ) has the cancellation property if the following
holds: for any k ≥ −1 and any composable morphisms X
f
−→ Y
g
−→ Z in C such
that f and gf are k-connected, then g is also k-connected.
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Example 6.5. The meaning of the cancellation property may be unclear directly
from the abstract definition of A -connectivity, but it can be easily verified in many
examples of interest in which A -connectivity corresponds to a standard notion of
connectivity. For example, the cancellation property is obviously satisfied in the
context of Waldhausen’s theorem on spherical objects in [9, 1.7, pp. 360–361].
As in the case of de´vissage of single type, the main condition on (C ,A ) that we
are interested in is the following analogue of Definition 5.1.
Definition 6.6. We say that (C ,A ) satisfies the de´vissage condition if for every
morphism f : X → Y in C , there is a weak equivalence g : Y
∼
→ Y ′ such that the
composition gf : X → Y ′ admits a factorization
X = X0֌ X1֌ · · ·֌ Xm−1֌ Xm
∼
→ Y ′
where Xi/Xi−1 ∈ Ai for every i ≥ 1.
Remark 6.7. The de´vissage condition for (C ,A ) exactly says that every morphism
in C is (–1)-connected. We emphasize that the factorizations in Definition 6.6 are
not required to be functorial.
Similarly to the single type case, there are exact functors evn : ŜnCA → C for
n ≥ 1, given by (X•,•) 7→ X0,n, which are compatible with respect to stabilization
along the inclusion functors în,A . Thus we obtain an induced exact functor
ev∞ : Ŝ∞CA → C
which sends a staircase diagram representing a bounded A -filtration of an object
X0,n, for n large enough, to the object itself. As in the single type case, the main
function of the de´vissage condition will be to ensure that the functor ev∞ is a
K-equivalence.
Proposition 6.8. Suppose that (C ,A ) satisfies the de´vissage condition and has
the cancellation property. Then the functor ev∞ : Ŝ∞CA → C induces a homotopy
equivalence K(Ŝ∞CA )
≃
→ K(C ).
Proof. The proof is similar to [9, Lemma 1.7.2]. We show that the exact func-
tor ev∞ : Ŝ∞CA → C satisfies the assumptions of the Approximation Theorem
(Theorem 2.6). (App1) holds by definition. For (App2), we consider a morphism
ev∞(X•,•) = X0,n → Y where X•,• ∈ ŜnCA and proceed by induction on n ≥ 0
(where Ŝ0CA = S0C = {∗}). (App2) holds for n = 0 by the de´vissage condition
applied to the morphism ∗ = X0,0 → Y . Suppose by induction that (App2) holds
for morphisms ev∞(X•,•) → Y where X•,• ∈ Ŝn−1CA . Now consider a morphism
as follows (we ignore the cofibers for simplicity):
(∗֌ X0,1֌ · · ·֌ X0,n) ∈ ŜnCA , f : ev∞(X•,•) = X0,n → Y.
By induction, there is an objectX ′•,• ∈ Ŝn−1CA and a morphism in ŜkCA , k ≥ n−1,
∗ // // X0,1 // //

· · · // // X0,n−1

· · ·

X0,n−1

∗ // // X ′0,1
// // · · · // // X ′0,n−1
// // · · · // // X ′0,k
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together with weak equivalences g : Y
∼
−→ Y ′ and f ′ : X ′0,k
∼
−→ Y ′ such that the
following square in C commutes
(12) X0,n−1 // //

X0,n
f
// Y
∼ g

X ′0,n−1

X ′0,k
∼
f ′
// Y ′.
Then, by definition, the composition X ′0,ℓ → X
′
0,k
∼
−→ Y ′, 1 ≤ ℓ ≤ k, is (ℓ − 1)-
connected. The canonical morphism
X ′0,n−1 → X
′
0,n−1 ∪X0,n−1 X0,n
is (n − 2)-connected because its cofiber is in An. It follows by the cancellation
property that the morphism induced by (12):
u : X ′0,n−1 ∪X0,n−1 X0,n → Y
′
is also (n− 2)-connected. Therefore there is a weak equivalence g′ : Y ′
∼
−→ Y ′′ and
a factorization of g′u
X ′0,n−1 ∪X0,n−1 X0,n = Z0֌ Z1֌ · · ·֌ Zm
∼
→ Y ′′
where Zi/Zi−1 ∈ An+i−1 for every i ≥ 1. Note that there is a cofiber sequence
Xn−1,n = X0,n/X0,n−1֌ Z1/X
′
0,n−1 ։ Z1/(X
′
0,n−1 ∪X0,n−1 X0,n).
Since An is closed under extensions in C , it follows that Z1/X
′
0,n−1 ∈ An. Thus,
we obtain a morphism in Ŝ∞CA represented by the diagram:
∗ // // X0,1 // //

· · · // // X0,n−1

// // X0,n

· · · X0,n

∗ // // X ′0,1 // // · · · // // X
′
0,n−1
// // Z1 // // · · · // // Zm
together with a commutative square in C :
X0,n
f
//

Y
∼ g

Y ′
∼ g′

Zm
∼ // Y ′′.
This completes the inductive proof that ev∞ satisfies (App2). Then the result
follows as an application of Theorem 2.6. 
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6.3. The main theorem. We recall that the suspension functor Σ: C → C re-
stricts to exact functors Σ: Ai → Ai+1, i ≥ 1, by assumption. Thus the collection
of maps K(Ai)→ K(C ), i ≥ 1, induce canonically a map:
(13) hocolim−−−−−→(Σ)K(Ai) −→ hocolim−−−−−→(Σ)K(C ) ≃ K(C )
where the last homotopy equivalence holds because Σ induces a homotopy equiv-
alence in K-theory. A de´vissage theorem of multiple type is a statement that for
certain (C ,A ) for which a de´vissage–type condition is satisfied, the map (13) is a
homotopy equivalence. The following result is an abstract version and a general-
ization of Waldhausen’s theorem on spherical objects in [9, 1.7].
Theorem 6.9 (Multiple Type De´vissage). Let (C ,A ) be admissible and suppose
that it has the cancellation property and satisfies the de´vissage condition. Then the
canonical map
hocolim−−−−−→(Σ)K(Ai)
≃
−→ hocolim−−−−−→(Σ)K(C ) ≃ K(C )
is a homotopy equivalence.
Proof. Consider the following diagram
(14) K(SwnCA ) // K(SnCA ) // K(ŜnCA )
∏n−1
1 K(Ai)
//
K(τn)≃
OO
∏n
1 K(Ai)
πn //
K(τ ′n)≃
OO
K(An)
OO
The left vertical map was defined in Subsection 6.1. It is a homotopy equivalence
by Proposition 6.3.
The middle map is induced by an exact functor τ ′n :
∏n
1 Ai → SnCA , a variation
of the functor τn, given on object by
(A1, A2, · · · , An) 7→ (∗֌ A1֌ A2 ∨CA1 ֌ · · ·֌ An ∨
n−1∨
1
CAi).
After we take the composition of τ ′n with the functor qn : SnCA →
∏n
1 Ai (see
Proposition 3.2), we obtain the exact functor
n∏
1
Ai →
n∏
1
Ai, (A1, · · · , An) 7→ (A1, A2 ∨ ΣA1, · · · , An ∨ΣAn−1).
This last functor induces a homotopy equivalence in K-theory. Since K(qn) is also
a homotopy equivalence by Proposition 3.2, it follows that the middle vertical map
K(τ ′n) in (14) is also a homotopy equivalence. The left bottom map is induced by
the inclusion functor
(A1, · · · , An−1) 7→ (A1, A2, · · · , An−1, ∗).
Then the left square in (14) commutes by direct inspection.
The bottom map πn :
∏n
1 K(Ai)→ K(An) is the projection onto the last factor.
The right vertical map is induced by the exact inclusion functor An → ŜnCA which
is given on objects by
A 7→ (∗ = · · · = ∗֌ A).
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The right square in (14) is homotopy commutative, since the underlying exact
functors are naturally weakly equivalent. Note that the bottom row in (14) defines
a homotopy fiber sequence.
Let σ : SnCA → Sn+1CA be the exact functor that is given on objects by
(∗֌ X0,1֌ · · ·֌ X0,n) 7→ (∗ = ∗֌ ΣX0,1֌ · · ·֌ ΣX0,n)
and let σ′ :
∏n
1 Ai →
∏n+1
1 Ai be the exact functor given by (A1, · · · , An) 7→
(∗,ΣA1, · · · ,ΣAn). The maps in Diagram 14 are compatible with the functors σ
and σ′. Passing in (14) to the homotopy colimits as n→∞ along these stabilization
functors, we obtain a homotopy commutative diagram:
hocolim−−−−−→(σ)K(S
w
nCA ) // hocolim−−−−−→(σ)K(SnCA )
// hocolim−−−−−→(σ)K(ŜnCA )
hocolim−−−−−→(σ
′)
∏n−1
1 K(Ai)
//
≃
OO
hocolim−−−−−→(σ
′)
∏n
1 K(Ai)
//
≃
OO
hocolim−−−−−→(Σ)K(An).
OO
Note that the bottom row defines a homotopy fiber sequence. An application of
the Additivity Theorem (Theorem 2.4) shows that the map K(σ) : K(ŜnCA ) →
K(Ŝn+1CA ) agrees with the stabilization map K (̂in,A ) up to sign – this uses the
definition of the suspension functor in Ŝ∞CA , see Lemma 3.6. We consider the map
from the top row in the diagram to the respective sequence of maps for n =∞:
hocolim−−−−−→(Σ)K(S
w
∞CA ) // hocolim−−−−−→(Σ)K(S∞CA )
// hocolim−−−−−→(Σ)K(Ŝ∞CA )
hocolim−−−−−→(σ)K(S
w
nCA ) //
OO
hocolim−−−−−→(σ)K(SnCA )
//
OO
hocolim−−−−−→(σ)K(ŜnCA )
≃
OO
where Σ here denotes the exact functor which defines the suspension functor on
Ŝ∞CA – this restricts to the functor σ defined above. The previous remarks imply
that the right vertical map is a homotopy equivalence as indicated in the diagram.
The top row is a homotopy fiber sequence (of infinite loop spaces) by Proposition
3.7. In addition, it can be verified that the left square is a homotopy pullback
using the identifications in Diagram 14 to determine its horizontal (co)fibers. As a
consequence, the bottom row of the last diagram is also a homotopy fiber sequence.
Returning now to the previous diagram above, it follows that the right vertical
map,
hocolim
−−−−−→(Σ)
K(An)→ hocolim−−−−−→(σ)
K(ŜnCA ),
is a homotopy equivalence. Next we consider the commutative diagrams
K(An)
Σ

// K(ŜnCA )
K(σ)

K(evn)
// K(C )
Σ

K(An+1) // K(Ŝn+1CA )
K(evn+1)
// K(C )
and passing to the homotopy colimit as n→∞, we obtain the following maps:
(15) hocolim−−−−−→(Σ)K(An)
≃
−→ hocolim−−−−−→(σ)K(ŜnCA )→ hocolim−−−−−→(Σ)K(C ) ≃ K(C )
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The last map hocolim−−−−−→(σ)K(ŜnCA ) → K(C ) can be identified with K(ev∞) and
therefore it is a homotopy equivalence by Proposition 6.8. Then the composite
map (15) is a homotopy equivalence, as required. 
Example 6.10. Let (C ,A ) be as in Example 6.2. Under the assumption of [9,
Hypothesis, p. 361], (C ,A ) has the cancellation property and satisfies the de´vissage
condition. Thus we recover Waldhausen’s theorem on spherical objects [9, Thorem
1.7.1] as a special case of Theorem 6.9.
Example 6.11. Some important examples of de´vissage-type theorems of multiple
type involve collections of Waldhausen subcategories A = (Ai) for i ∈ Z. These ex-
amples include the Gillet-Waldhausen theorem [7] (for abelian categories, at least),
the de´vissage theorem of Blumberg–Mandell [2], and the ‘Theorem of the Heart’
due to Barwick [1]. In each of these cases, Ai is the full Waldhausen subcategory
of objects which are (up to weak equivalence) concentrated in degree i (defined
appropriately in each context), and the maps Σ: K(Ai)
≃
−→ K(Ai+1) are homotopy
equivalences. In order to relate Theorem 6.9 with these results, one may first con-
sider applying Theorem 6.9 to the full Waldhausen subcategory C≥i which consists
of the objects which are concentrated in degrees ≥ i, in order to obtain a homo-
topy equivalence K(Ai) ≃ K(C≥i). The exact inclusion functors C≥i+1 → C≥i,
i ∈ Z, will typically induce homotopy equivalences in K-theory by the Additivity
Theorem – the inclusion functor is related to an equivalence of homotopy theories
C≥i+1 ≃ C≥i by a shift in C≥i. As a consequence, in these examples, we have that
K(C≥i) ≃ K(C ). See also [1, 2].
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